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946. 


NOTE ON THE THEORY OF ORTHOMORPHOSIS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xxvi. (1893), 
pp. 282—288.] 


THE equation of any given curve whatever, © =0, may be expressed in the form 


$(a+iy) + $(@—ty)=0. 


Let y be any odd function; then since 


$ (æ — iy)=-— $ (x + iy), 
we have 
xo (x — iy) = x {— $(w + iy) = — xb (æ + iy), 
that is, 


xo (x + ty) + xp (a — ty) = 0. 


Assuming that © is a real function, that is, a function with real coefficients, then 
also $(#+tzy) will be a function with real coefficients, or say a real function of 
æ+iy; the function y may be real or imaginary, but if imaginary, then the i of the 
coefficients does not change its sign in the passage from yọ (s + ty) to yd (s — iy). 


In proof of the assumed theorem, imagine the equation @=0 expressed as an 
equation between #+iy and æ-— iy, or, supposing it solved in regard to w—vwy, take 
the form of it to be w—iy=f(a+1ty): let un be a function of n satisfying the equation 
of differences wn ,=fu,; and let d(x+iy) be determined as a function of æ +iy by 
the elimination of n from the equations 


L+Y=Un, h(e&+ty) =COSs nT; 
we thence have 
a—ty=fin, = Uny 
and consequently 
o(a —ty) =cos (n+ 1)r, 
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that is, 
$ (a+ ty) + $ (x — iy) =0, 


viz. this equation is a transformation of the equation © =0, and thus it appears that 
the equation © =0 can always be thrown into the last-mentioned form. 


As an example, take the equation y=ax+6: which, putting for a moment 
E=x+wy, n=2-1Wy, is 


(E-n) = alët n), 


that is, 
+a 2b 
a eae 
we have therefore 
+a 2b 
Un+i ps Ph AER ; 
a solution of which is 
wa ste cop 
$ (as a’ 


putting this = £, we have 


bR Ta 
and thence 
pE = cos R „10g (E + ) 
log =— 
ta 


where observe that, writing a+ i= Re’ and therefore a — i= Re~, we have 


a à 1l 
meebo (°F 9 Ye ANTES 1)’ 
or say cota=a, and then 
eee re ita . 
D Aali E log —— =i (2a + T), 
whence 
T b 
pE = cos marzy log (E+ an = cosh ora 8 g (E+ 2), 


a real function of E. 


In verification of the equation $E + ¢n=0, we have 


N T b 
Sita 


53—2 
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where 
i+a Bh sce i+a b 
E Lera gh e T 
= log + log (Ẹ + ) 
and thence 
R r A (e+) 
ne +a °8 a 8 a 
i— a 
T b 
= cos m+ — T log (E+ 2), = — Cos ales (E+), 
log — j log — 
1—4 ; 1—4 


that is, pn =— &, or $F + ọn =0, the equation in questioa. 


I remark, in passing, that the same equation y=aa+b might have been put in 
the form ¢a+dy=0, viz. sas 


b 
log a zg (#— ra) i 
T b T b 
py = OF are log (aw +b-5 ~—) = COS ioe 7, 08 ( a ee -) 
b 
= COS eF flog a + log (2 — a) 


= cos fa + ogg 8 (@- - i=) 


| = — de 


oa = cos;— 


then 


l-—a 


T 
DE Trh (2- 


that is, pæ + dy=0. 
If b=0, then 


£ gar ei o o E 
hy = cos 7 C ee (1+ eal" loga’ s; 
that is, 
pe + py = 0. 


Considering then (æ, y) as the coordinates of a point on the curve @=0, we 
have, as above, ; 
xd (w+ ty) + xb (w— ty) = 0, 
where ¢ is a real function determined as above, and y is any real or imaginary odd 


function. This being so, assume 
Ly + Vy, = ex? e+iy) | 
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then also 
Ly — WY = exh iy), 
and consequently 
x+ Ye = exh (a+iy)+xb (@—iy) = jia 


that is, we have the circumference of the circle #?+y,2—1=0 corresponding to the 
given curve 0 =0. 


Suppose that the curve © =0 is a closed curve: and then writing 


E+ in = xp (x + ty), 
and therefore d 


E—im = xp (x — ty), 
we thence have 


2E= xp (x + ty) + xh (æ — iy), 
a real function of (#, y). 


(1) Assume that it is possible to find y, such that & as defined by this last 
equation shall be throughout the area of the curve © =0 finite and continuous, except 
only that in the neighbourhood of a given point, taken to be the point w=0, y=0, 
it is = log /(a+ 4°). 

(2) At the boundary of the area O=0, € is =0. 

(3) Throughout the area, & satisfies the partial differential equation 

dE dE o 
dai df i 


These conditions being satisfied, the equation 


+ 


w + ty, = oF, 
that is, 

æ + iY = exh arty) | 
gives an orthomorphosis of the area @=0 into the circle #’?+y,,—1=0, the point 
æ=0, y=0 corresponding to the centre of the circle; (2) and (3) are satisfied as above: 
it remains only to satisfy (1), viz. the function x is determined not by any equation— 
but only by this condition as to finiteness and continuity; and if it be thus determined, 
then the foregoing equation æ, +iy,=e%"*™ gives tne required orthomorphosis. 


For instance, let the curve @=0 be the parabola y? =4(1—«), which may be 
regarded as a closed curve bounding the infinite parabolic area. We have 2s = £+ n, 
2iy =&—y, whence the equation is 


sate ay 6-25 os 
E — 2£n + n? —8£ — 8y + 16 =0, 
whence JE+ yn — 2=0, or writing this in the form 
(WEI) + Wn -1)=0, 


that is, 
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we have @&=/&—1, and assuming that y can be found so that the condition as to 
finiteness and continuity is satisfied, then the orthomorphosis is given by 


æ + iy =expx(VE—1), =expy {V/(a+ ty) — 1}. 
Assuming 
—texp( irw) 
— i exp (— biro)’ 


byw =- pire + log | 


which is obviously an odd function, we have 


A 1 1—vexp( dia) 
oxp aye exp ġ irw 1—vexp(— ia)’ 


_l-expsima _1i(1—texp imo) 
exptima@—1’  l+iexp$iro 
which is 
= tan $7 (w+ 1), 


and hence, for œ writing /(@+%y)—1, we have 
a + ty, = exp y {r/(e@+ty)—1}, = tan®} m /(w + iy). 


This satisfies the required conditions as to finiteness and continuity; and in 
particular, we have 
E + in = log tan? 4a y (æ + ty), 


so that, œ and y being small, 
i T à : T t 
E+in=log Ta (e+iy), E—in=log Jg (@— ty), 
that is, 
T? 
é =log 16 (a? + y’). 


Hence we have the known result: the orthomorphosis of the parabola 4° = 4(1 — 2) 
into the circle 2+ y2—1=U is given by the equation a, + iy = tan? 4a s/(@ + ty). 


Consider the ellipse, where a?—b? = 1, or say 
a 2 
(m+n) t-a) 
I show, by a less direct process, how to express this equation in the required 
form é+ ġņn=0. In fact, writing 
E=r+1, n=@— iy, 
the equation of the ellipse is the rationalised form of 


in VU — 9?) = M iE + V1 — P). 
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To show that this is so, call for a moment the right-hand side ©, the equation is 


VQ — 9) =2 — in, 


hence 
1 — 92 = — 20in — »?, 
20%in =% —1, 
or 
ya) 1 25, 2 l; 2 
2in'= O -5 = M figy- E) + ga liE- V- E) 
ENR 1 
= (M+ p) €+ (af - yp) v0 - 8) 
therefore 


2in— (M+ 7p) ë= (M — p) va -® 
= Ay +4 (UP + y) nt (M8424 a) OE (I-24 r) -2 r) E 
that is, : 


2 
or say 


1 1\? 
-e-+ (M+) én -4 (14r - ra =O: 
viz. substituting for é, ņ their values, this is 


— 2(08 — yf) + (M+ ap) +) - z(a- in) =0, 
that is, 


or finally, it is 


as it should be. 


Starting then from the relation 
in +1 — 7?) =M E+ J — E), 


and writing’ 


= 2log M y 08 CE + vA - EN, 
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we have 


on = cos Tog 8 M” E+ V7(1 — P), 
Stos Pog M l8 M? + log fif + V(1 — &)}] 
= cos | ty ay og li- v0 = 8) 


T . 
=- cos zplog HE + VA E), =— 98, 
that is, we have ; 
pE + on = 0, 
as the required transformation of the equation of the ellipse 
a y?’ 
(x+) t-a) 
We hence derive the known formula for the orthomorphosis of the ellipse into the 
circle v? +y? — 1 = 0. 
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